INDIAN INSTITUTE OF ENGINEERING SCIENCE AND
TECHNOLOGY, SHIBPUR
DEPARTMENT OF MATHEMATICS
GST SHEET
FIRST SEMESTER (For B. of Architecture)
SUBJECT: MATHEMATICS-IA
SUBJECT CODE: MA 101A



SERIAL NUMBER 1:
FUNCTIONS OF SINGLE REAL VARIABLE AND SEVERAL REAL VARIABLES

1. Ifu = sinax + cosax, show that

1
u, = a"{1+(—1)"sin2ax}z.

2. If xsin@ + veos 8 = aandxcosf - vsind = b, prove that

dfx  di% d% dFfy

de® " de?  de? der

is constant.

3. Provethatifv = (x®-1)",then (x*-1)v,., + 2xv, ., - n(n+ 1)y, = 0.

Hence show that if = = D™ (x*-1)™, then z satisfies the following second

order differential equation:

d*z dz
— —2x— +nn+1)z=0.
2 )

1 — 52
(1—=")—3 dx

4. LetE, = D" (x" logx). Prove the recurrence relation

F;'! = ﬂpn—‘l T (ﬂ_l}!'

Hence show that P, = n! (log_\- + 1+ 1;—17— ——].

5. If v = sin"lx, then show that

(iI)(1—x)y, —xy, = 0

-

(ii)[:l_j-.:}}r_"!—: — (@nt Dxyuey -7y, = 0.

Find also the value of (v, ).
Ans) 0or {1.3.5....(n — 2)*according asn is even or odd.
6. Ifv = cosh(sin"1x), prove that
(i)[:l—x:}_v: —xy,-v =0

[iij[:l— 1‘3}_1.'_,!_: - (2n+1xy,., = (MP+1) v, .



n 1 =
Prove, by mathematical induction, that% (xter )= (-1

tanx, prove that

If F(x) =

i

f2(0)— n,_ f*=2(0) + n,, fA=*(0) — --- = sin

m—1%

Ifv = P logx, show that v,, =
= 7 and f(x) :1%

9.
10. If f(h) = f(0)+ hf'(@)—f—f £'(8h),0 =@ <1, find 6 when h
Ans) 1/7.
11. Show that
3 3 3 1 3 1h? 1
(x+h)? =x2 +—-xTh+ -.—— —— 0= f=<1
2 2 221 [f(x+6h)
Ans) 9/64.

Find 6, when x=0.
flath)—f{a—h) ' . . . .
—— = f (a), provided f '(x) is continuous.

12. (i) Prove that = lim, _,, ~
Flath)—2f(a)* fla—h) _ f (a), provided f (%) is

(if) Prove that lim, _,, -

continuous.

13. Show that 1% < log(1+x) = x forallx= 0.

14. Ifa = —1.b = land f(x) = 1/  =x |, prove that Lagrange’s MVT is not applicable
for f in [a, b]. But check that the conclusion of the theorem is TRUE if b = 1+ V2.

15. Given: ¥ = f(x) =- 1123. !

(i) Prove that (1 + 2x)v,., + (Zn+1)y, = 0
(ii) Expand f(x) by Maclaurin’s Theorem with remainder after n terms. Write

the remainders both in Lagrange’s and Cauchy’s forms.



Ans) f(x) =1 —x—iq—laxi _%xa 4o+ (—1)m 1 %ﬁn—aﬁxn_i LR,

where R = Remainder after n terms in Lagrange’s form

n 1.3.5..02n-1)
== (1) ——F7 (0= 8 < 1),
" {1+268x) 2

R, = Remainder after n terms in Cauchy's form

x" n— ni35..02n-1) . o
== _(1-e) (-1 (0< 8 < 1)

N (1+28x) 2

16. Expand the following functions in powers of x in infinite series stating in each case the
conditions under which the expansion is valid:

Q) cosx, (i) e*, (iii) log(1 + x).

2 4
Ans) (i) cosx = 1 — ?:— —% —to o, for all values of x.

13
(i)e¥=1+x+= —% + - to o, for all values of x.

. xz xj " "
(iiflog(1 +x) =x— — + S~ to wisvalid for—1<x = 1L
17. If y = e®" ™% = g, +a,x + a, x° + a;x>+.., prove that

() (1 —xDy, = xy, + a&°
(i) (n+1) (n+2)a,., = (7* + ad)a,,

and hence obtain the expansion of gasinTx

2.1 o2 24 - + 2 EAT I 2
o x oo +17) o (a”+2%) ale”™=1" lla™=37)
Ans) 1+ ax+—+ - x? + xt+ . L

3! 4! 5!

18. Expand (sin~! x)7in a series of ascending powers of x.
2,2 2 ,2.2
2 G

1 2
2x5 L

1
Ans) —.2x%+—.2x* + 228 +



19. If v = sin (m sin”1x), show that
[1—1':]|_1.'_,!_: —(2n+ 1) xv,., + (’m: — ﬂ:]_v_,! = 0,

and hence obtain the expansion of sin(msin™!x).

42 P S S S
mim-—17) mim-—1")im~—3")
Ans) mx — S x? + - x* —

20. If v = e cos bx, prove that
v, — 2ay, + (a® + bM)y = 0,

and hence obtain the expansion of &%* cos bx.

Deduce the expansions of e** and cos b,

az—hz 0 al ae—ahe_l 3
x_ —

Ans) 1 + ax+ — X
a’x?
e®™=1+ax+ +
2!
b?x® b*x*
cosbx=1—-——+—— -

21. Show that the radius of curvature at the point (=, &) on the cardioide

r = a(l— cos &) varies as Vr.

22. Find the radius of curvature at the origin of the curve x* + v* = 3axy.
Ans) 3a/2,3a/2.

23. Show that for the ellipse x~/a® + ¥*/b® = 1, the radius of curvature at an extremity of
the major axis is equal to half the latus-rectum.

24. If p;and 2, be the radii of curvature at the ends of a focal chord of the parabola

v= = 4ax, then show that

[

ul | B2
wl | B3
wl | k3

+py 3 =(20)



25.

26.

27.

28.

29.

30.

31.

32.

Show that the radius of curvature at any point of the equiangular spiral subtends
a right angle at the pole.

Find the radius of curvature at the point (p, r) of the curve »™*1 = a™ p,

Ans) ———

(m+1)pm-1
Show that the chord of curvature through the pole for the curve p = f(r]) is given by

2£(r) / £'(7).

Find the asymptotes of the curve
3x% +2x%v - Tav? + 2v3- 14xv + Ty + 4x + 5v = 0.

Ans)6y—6x+7 = 0.2y—6x+3 = 0,6y +3x+5 = 0.

Find the asymptotes of the curve

(v+x+1)(yv+2x +2)(y+3x+3)(y-x) + x4+ vi- 8=0.

Ans)y+x+1=0y+2x+2 = 0,y+3x+3 =0y-x= 0

Find the asymptotes of the curve

x? (x + ¥)(x- _1.'): + 2x? (xx - v) - 4y3 = 0.

A-nsj x=2x=-2x-y+2=0xy-1=0x+y+-1=0
Show that the asymptotes of the curve
iyl o al(x? 4 yP) -4l

form a square two of whose angular points lie on the curve.

Find the equation of the cubic which has the same asymptotes as the curve

xi- 6xty + 1lxyvi-6vi+x+v+1=0.
and which touches the axis of y at the origin and goes through the point (3,2).

Ans) x* - 6x*y + 11xy*- 6y° —x = 0.



33. Ifu = log (x®+ v® + z% - 3xyz), show that

. Bu Bu Bu 3

() ax T 3y T 8z zeges’

.. & u 8 @ u _ 3
(") ax &_: T 82z (u+y+z)®

35. The side a of a triangle ABC is calculated from b, c, A. If there be small errors db, dc,
dA in the measured values of b, ¢, A, show that the error in the calculated value of a is
given by

da = cosC db + cosB de + b sinl d4

36. If z be a differentiable function of x and y and if

x = ¢ coshu cosv,v = ¢ sinhu sinv,
then prove that
d°z 9%z 1 . (cosh? 5 ](rii'jz a°z
- + — = — ¢~ (cosh2Zu —cos2v -+ — |
du- dv- 2 du- dy=

h%

37. If F(u, V) is a twice differentiable function of u, v and if u = x*— y? and v = 2xy, prove
that

2. G2y BF L 5 BF o, 8F _ (F L ogu2 o2+ 8°F
4( U A j'IE'uE"s Euﬁ'v 2 fu '\}F[E‘:{z E‘;-':J I:l ¥ jE‘:{E‘;-"

38. A differentiable function f(x, y), when expressed in terms of the new variables u and v
defined by

1 .
x=3 (u+v),y= V(ur)

becomes g(u, v); prove that

.
i

=1[5_f+25—5_E +¥+1£},

> a 1
ouow T ox” ¥ Oox oy oF”= ¥ oy



39. Given that F is a differentiable function of x and y and that

prove that

- -
& F o F o F a & F o F a g F oF oF

-2+ =P 2wy
ous ol O aws L OoxX oy

0 ,when (x,v) = (0,0)

show that £, (0.0) = £, (0.0).

41 If (x,v) = {{%]“he“ (xy) # E'DJ'D]II,

0,when (xy) = (0,0)
Show that both the partial derivatives fy and fy exist at (0, 0) but the function is

not continuous thereat.

42. Show that the function f(x,¥) = +/lx¥| is not differentiable at (0,0), but that £, and f,

both exist at the origin and have the value 0.

43. Show that the expansion of f(x, v ) = sin xy in powers of (x-1) and (v-=) upto and

including second degree terms is

1 . . 1 | 1 T 5 2
1-s w1 =S - (v-3) -5 (r-3 )"

44. Examine for maximum and minimum values of
Fla,v,z) = 2xvz - dzx- 2vz + x°2 + v2 + 27 -2x -4v + 4z,
Ans) The given function has five stationary points (0,3,1), (0,1,-1), (1,2,0),(2,1,1),(2,3,-1).

The function is neither maximum nor minimum at (0,3,1), (0,1,-1), (2,1,1),(2,3,-1).

The function is minimum at (1, 2, 0).



SERIAL NUMBER 2:
INFINITE SERIES

1. Test the convergence of the series
1+2 1+42+3 1+2+3+4
+ + +

>3 3 e [ Ans : Divergent]

2. Test the convergence of the series
11 131 1351
1+— =+ —.—+——

—+... [Ans: Convergent]
23 24’5 2467
3. Test the convergence of the series
> + ! + J + 11 +... [Ans: Convergent]
124 235 346 457

4. Examine the convergence of the series
22 9242 924262
L2 : 4.

3 + oy + 325272 +... [Ans: Divergent]
5. Examine the convergence of the series

1 (2 (3 n Y

—+| = +|=| +.t +... [Ans: Convergent]

3 \5 7 2n+1
6. Examine the convergence of the series

1 1 1 1
1+?+2—2+2—5+2—4+ [Ans: Convergent]

7. Test the convergence of the series

i{ 2.4.6.8...2n }2 |

~13579..(2n+1)

[Ans: Divergent]

8. Using Comparison test prove that the series Ze‘”z and Zsm ( )both converges.

n=1

9. The series Z— converges by using Ratio test.
1

10. Investigate the convergence of the series:

1 1 1 1
1+—+—=+ — -

23 52 T o5 T ot [Ans: Convergent]

11. The series l+i+i+ 1

TRT +5—p+---- converges for p>1and diverges for p<1.



o=l .
12. Test the convergence of the series Z—. [Ans: Divergent]
n=1

13. If Zun be convergent series of positive real numbers prove that Zuﬁ is convergent.
n=1 n=1
. a a(a+c) a(a+c)(a+2c .
14. Prove that the series —+ ( ) + ( )( ) F o, ,a,b,c> 0is convergent
b(b+c) b(b+c)(b+2c)
if b>a+c and b<a+c.
15. Test the convergence of the series:

tan z +tan z +tan z e S [Ans: Convergent]
4 8 12
16. Test the convergence of the series Zun , Where u, =n*+1 —n?. [Ans: Convergent]
n=1
17. Investigate the convergence of the series:
1 1

+ + + [Ans: Divergent]
log2 log3 log4

18. Examine the convergence of — + —t gt ot . [Ans: Convergent]
2 22 28 2

19. Using comparison test examine the convergence

1 1 1 1
— +—+—+ ... ... [Ans. Convergent]
12 34 56 (2n-1)(2n)
20. Examine the convergence by D’Alembert’s principle
2 2 2 2
ﬂ+4—+4—+4—+ ............. +4—+... [Ans. Convergent]
nr 20 3 4 n!

n
21. Examine the convergence of the series Zun , Where u,, =

( % .[Ans. Convergent]
n+1

nn

22. Examine the convergence of Z '
n!

n=1

[Ans. Divergent]

n
. . X
23. Examine the convergence of the series E u,,where u, = —~ (x> 0).[Ans. Convergent]
n!



24 . Examine the convergence of the series Zun , where u, =——. [Ans. Convergent]

n®+1
25. Apply Cauchy’s root test check the convergence of the series
1+2 2 24+2.5, ,3+23 n+2
(—) (—) ....... + (2—)n Fo, [Ans. Convergent]
n
26. Apply Cauchy’s root test check the convergence of the series
1 1
PRt tr i ST + el I [Ans. Convergent]
2 3 4 (n+1)

o 3N
. . . X
27. Determine the radius of convergence of the power series Zz—n . [ Ans, 3xﬁ]

n=1
x?2 x3 X!
28. Determine the radius of convergence of the power series X+ —+—+—- 4 +..
[Ans. 1]

SERIAL NUMBER 3:
MULTIPLE INTEGRALS

2 2
1. Evaluate ﬂ [1— X—z - EJ/_ZJ dxdy, where R consists of points in the positive quadrant of the
a

2

y? _ _ mab
ellipse —2 —2—1. [Ans: T]
2. Evaluate .[ J. ( )dxdy , over the region E bounded by
E
xy=1Ly=0y=x,x=2. 47

[Ans: — ]

3. Evaluate J].\/(4X2 —y?) dxdy, over the triangle formed by the straight lines

y=0,x=1Ly=x [Ans:§+%]



10.

11.

12.

13.

14.

2
Show that m (azbzc2 —b%c?x® —c?a’y? —azbzzz)%dxdydz = %azbzcz , where E is
E

2 2

the region bounded by the ellipsoid X—2 + E)/_Z + 2—2 =1.
a c
Show that Hj dxdy dz _1 [In 2— §J where E is the tetrahedron bounded by the
A+ x+y+2)° 2 8

planes x—O,y_O,z =0,x+y+z=1.
By changing the order of integration, prove that

A
1 (1-x%)
dx dy _Z In(ﬁj.

'([ '([ (1+ey),/1—x2—y2_5 l+e
y

. X z - .
Find the area of that part of the plane — + b +— =1 which lies between the coordinate planes.
a c

[Ans: %\/azb2 +b2%c? +c?a?]

Prove that the area of the surface of the sphere x* + y® + 2% =9 is 36 7.
2 2

X z
Prove that the volume of the ellipsoid — + E)/_Z +— = lis ﬂ7zabc.
a

c

Evaluate J.J. X y(x+ y)dxdy over the region bounded by y = x®andy =x. [Ans: i]

dx. Does the double integral _U ) dx dy

Prove that _[ dxj x+ y)

ot [l

exists if E=[0,1;0,1]? . Justify your answer.

v
2 COSX

Express Idx szdy as a double integral and evaluate it. [Ans. (-8 + 72'2) [ 4]
0 0

y
y -1
Show that Hex dx dy where D is the triangle bounded by y=x, y=0and x =1is %.
D
11 2
Show that ” x2ys3 (1— 5 x dy over the triangle bounded by

iHi8i6)
)

x=0,y=0and x+ y=1is




y-x
15. Show that ﬂe”y dx dy taken over the triangle with vertices at (0,0), (0,1) and (1,0) is

%)

16. Find the area bounded by one arch of the cycloid x =a (@ —sind), y=a(l—cos®) and the
X-axis.

17. Find the volume of the solid generated by revolving the cardioide r :a(l—cos 6?) about the
initial line.

18. Evaluate _U (x2 + yz)dxdy over the region in the positive quadrant for which

X+y<1. [Ans. ]

ol

19. Evaluate J.J. Xy (X + y)dxdy over the area bounded by y = x? and y =X

3
[Ans. % log(v2 +1)]

20. Evaluate by suitable transformations , H (x+ y)zdxdy over the ellipse

2 2 2 2
X_2+E)/_2:l. [AnsM]
a

21. Evaluate by suitable transformations, _U X2ydxdy over the positive quadrant of the ellipse
2 3|2
XY a’b

+—=1. Ans,
a’? b [ 15

]

22. Evaluate by suitable transformations, _U r?sin&irdd over the upper half of the

3
circle r=2acosé. [ Ans. 2%]

4
23. Evaluate J] xydxdy over the positive quadrant of the circle X% + y2 =a’. [Ans. %]

-1 -1
| ody| e¥dx
24. Evaluate <o ¥ [Ans. (—1+ e)/2e]

Tl2 7w

25. Evaluate j _[ cos(x + y)dxdy. [Ans. -2 ]
00



26. Evaluate: _U y dx xdy where R is the region bounded by the parabolas y2 =4x and

X" =4y. [Ans. %]

27. Evaluate J.j (a2 —x% - yz)dx dy over the semi circle X* + y2 = ax in the first

5ra’

uadrant . Ans.
a A =

]

28. Show that j dxj dy dej

x+9)* % (X+Y)

2.2 2 n2
29. Evaluate H\/{l (x*7a’)=(y" /b°) dxdy over the positive quadrant of the ellipse

1+ (x?/a%) +(y? Ib%)
2.2 2 112 1 1
(x2/a%) +(y2 /b?) =1. [Ans. S abr( 7 -D)]
1 1-x Y 1
30. By using the transformations X+ Yy =U, Y =UuV, show that J. Ie”ydydx—T.
x=0 y=0

a
31. Transform the integral x% +y? dxd by changing to polar coordinates and
y y y
0 0

4
_ a
hence evaluate it. [ Ans I]

32. Evaluate ﬂ \ (4 - X% — y2) dxdy over the region bounded by the semicircle

x° + y2 —2Xx=0 lying in the first quadrant. [Ans. %(n—g)]



2 2 1/2

x

1- . 2 2
b? X“ oy
—=———| dxdyover the positive quadrant of the ellipse — =1.
y a

N

33. Evaluate ﬂ > 5 b_2

x |

1+ 5+

"l
[N}
O

fAns. ap 2 =3,
8
12-x 3
34. Change the order of integration in I J Xy dx dy and hence evaluate this. [Ans. §]
0 x*
16a’
3

35. Find the area between the parabolas y2 = 4ax and x° = 4ay. [Ans.

]

36. Find the volume of the tours generated by revolving the circle X2 + y2 =4 about the line x=3.
[Ans. 2477 ]



